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THERMODYNAMIC ANALYSIS OF MASS-TRANSFER 

FORCES IN THE COURSE OF CRYSTALLIZATION 

FROM SOLUTIONS 

V. V. Kafarov, I. N. Dorokhov, 
and ]~. M. Kol'tsova 

M O T I V E  

UDC 532.529.5:66.065.5 

On the  basis of taking the volume,  mass ,  momentum,  and ene rgy  of the sur face  phase into a c -  
count, the s t ruc tu re  of the motive forces  of m a s s  t r a n s f e r  to the phase in te r face  (and f r o m  it 
into the c a r r i e r  phase) in c rys ta l l i za t ion  and solution is es tabl ished.  The c o r r e c t n e s s  of the 
re la t ions  obtained is ver i f ied  in two sys t ems .  

1. S t r u c t u r e  o f  D i s s i p a t i v e  F u n c t i o n  o f  a M u l t i p h a s e  M e d i u m  

i n  W h i c h  C r y s t a l l i z a t i o n  O c c u r s  

In accordance  with the concepts outlined in [1], a mult iphase medium is considered,  where  the f i r s t  (car -  
t i e r )  medium is a solution, the r - t h  is  c rys ta l s ,  of dimensions in the range ( r -  dr, r + d r ) ,  and the su r face  
phase is acr phase (the ~ phase is of volume V~, densi ty  pO, and t e m p e r a t u r e  T~). In the s teady case,  the inten-  
si ty of mass  t r a n s f e r  f r o m  the c a r r i e r  phase into the cr phase  and f r o m  the ~ phase  into the r - t h  phase  is the 
same.  In the most  genera l  case,  however ,  the fluxes through the sur face  phase  may be unequal; in other  words 

pof~.dr =/= J~fdr, 9~ ~ J~jdr. 

Let • = X-~ ,  J - - J t c r - J ~ l .  By means  of a d i scuss ion  analogous to that outlined in [1], the following equation 
tions a re  obtained in d i f ferent ia l  form:  mass  conserva t ion  of the c a r r i e r  phase  

R 

- -  f J~dr, (1) Op~ot @ di'v (ptv~) = - - .  
o 

m a s s  conserva t ion  of the component  in the c a r r i e r  phase  (in the in te res t s  of s impl ic i ty  of exposit ion, it is a s -  
sumed that  only one component takes  pa r t  in the phase  t ransi t ion)  

R 

d~c~i _ _  (ch~-- 1) S J[dr, (2) 

0 

the balance of number  of pa r t i c les  

0__~ _}_ div (fv2) + 0fn _ 0, (3) 
Ot Or 

Trans la t ed  f r o m  Inzhenerno-F iz ichesk i i  Zhurnal,  Vol. 42, No. 2, pp. 260-266, February ,  1982. Original  
a r t i c le  submit ted Apr i l  13, 1981. 
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m a s s  c o n s e r v a t i o n  of the  ~ p h a s e  
D~p~ 

Dt -- J - -  p~ (4) 

m a s s  c o n s e r v a t i o n  of the  componen t  in  the  ~ p h a s e  

poV~ D~c;,~ 
Dt 

- -  - -  ( 1  - - c ~ ) ( J - - p ~  (5) 

mot ion  of the  c a r r i e r  p h a s e  

Pi 
d t v t  

dt 

R R 
a t v P - - ;  (9~ + p~ ffl~dr -- ; d[ (v~-- vl) dr~- olFt, 

o o 

(6) 

m o t i o n  of  the  r - t h  p h a s e  

D~V~ 
(P~ + P~176 [ Dt - (r + V o ) / V P +  (p~r ' ~ o V ' / h ~  (7) 

(the v e l o c i t y  of  mo t ion  of the  cr p h a s e  c o n s i s t i n g  of  p a r t i c l e s  of  d i m e n s i o n  r i s  a s s u m e d  to  be the  s a m e  as  the  
v e l o c i t y  of  mo t ion  of the  p a r t i c l e s  t h e m s e l v e s ) ,  e n e r g y  of  the  c a r r i e r  p h a s e  

dt pO dt + (poOr E p V ~ ) f t ~ ( v i - - v 2 ) d r _  j f  (v2- -v i )  z d r - - v q ~ - -  qt~dr + p t Q l ,  
" , 2 

0 0 0 

e n e r g y  of the  r - t h  p h a s e  

D2u~ rP Dep~ O 
- -  - -  q~o + p2Q.,_fr, 9~ Dt f , P 0 Dt 

(8) 

(9) 

e n e r g y  of the  ff p h a s e  

D2uo P V d  D~9 ~ 
P~V~f D----{-- = 9---~--G - - D r - -  -~ f~l - -  

2E 
a + q'~+ q2~ - -  J,o (% - -  i~) - -  polk (i 2 _ io) - -  J~,f (i, - -  i~) ~ P~[~ (io - -  i2). (10) 

The r o l e  of  hea t  s o u r c e  o r  s i n k  i s  t a k e n  by  the  ~ phase .  He re  

dl __ 0 D2 0 0 
T o~- ~ ~ v ~  o~v~ + ~ - -  ' Dt Ot § 2 Or 

The h y p o t h e s i s  of l o c a l  e q u i l i b r i u m  wi th in  the  l imi ts  of  e a c h  p h a s e  i s  adopted ,  a l l owing  the  fo l lowing  r e l a t i o n s  
to  be w r i t t e n  

9 t ~ =  Tt dt + Ti dt - -  T -~  9t dt Ti Pi dt ' 

pOfr D~s~ fr  D2u 2 frP D ~  p~ ] ( 1 ~ 
- D t  - -  9~ T~. Dt  + 9~ To. D t  ' 

D2s~ fVo D~uo fVoP D~ ( ~ ) 
Dt -- 9~ To Dt " + 9~ T~ Dt 

d 4~a 2 ,%op~ D~c~ ~tp~p~ D~%~ 

T .  dt T~ Dt T~ D ~  ' 

ii - -  Tisi : Cki~thi + Cpi~p i , i a - -  T~s~ : c~,%~ + cpo,uw , 

i2 - -  T2s2 ~ ~t2. 

povd 

/y 

(11) 

T a k i n g  Eqs.  (2), (5), and (8)-(11) in to  account ,  the  s u b s t a n t i a l  d e r i v a t i v e  of the  m i x t u r e  e n t r o p y  i s  w r i t t e n  in 
e x p l i c i t  f o r m  
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R 
1 

o 

DS 1 
9 

D/ T i 
o 

R R 

+ .... T~I (P ~ + P~~ ff~2 (v, - -  v~) dr + q,o (, To 
o o 

R 

o 

R 

- -  vql@- piQl _}_ 1 Ti "--~2-- ~ P~ 

1 ) d r +  
T, 

(V2 ~ Vt)2 "]/dr 
4- 

2 T~ .lJ 

R 

0 

R 

]+i, [ ,T, {[ T, To 
o 

rth2 ] + 
T2 

R 

+ i2 1 1 dr -4- pO[~ . ~ths ~th~ 1 I 
Te To Ts To + is - -  - -  dr. " o To Ts 

(12) 

The f irs t  three t e rms  in Eq. (12) define the increment  in mixture entropy (on account of influx of entropy f rom 
outside) due to energy t r ans fe r  f rom the external  medium, while the remaining seven define the increment  in 
entropy on account of internal i r r evers ib le  p rocesses  within and between phases:  mechanical  and thermal  in te r -  
actions between phases,  phase transi t ions,  and mass t ransfer .  

2. M o t i v e  F o r c e s  o f  C r y s t a l l i z a t i o n  

Each t e r m  in Eq. (12) is the product of a thermodynamic  flux and the corresponding motive force. The 
motive forces associated with mass t r ans fe r  may be enumerated as follows: for the mass  t r a n s f e r  of mater ia l  
to the phase interface 

for the crysta l l izat ion process  i t se l f  

[ ] [ 1, X~s = F'h~ btk2 " + is 1 1 (14) 
T~r T2 T~ To 

for the mass t r ans fe r  of mater ia l  f rom the phase interface into the c a r r i e r  

t To Tt 

for the solution p rocess  i t se l f  

X2~ ~ F ~tk2 

L T~ 

+i,i :, , ]  Ti T~ + 2 Tt ' 

1 T o  T I] 
The f i rs t  t e r m  in the express ion for  the motive force of mass t r ans fe r  f rom the c a r r i e r  p h a s e t o  the in te r -  

face in Eq. (13) is due to the difference in chemical  potential in the flow core and close to the c rys ta l  surface,  
the second to the the rma l  disequil ibrium of the ~ and c a r r i e r  phases,  and the third to the velocity disequilibrium. 

The motive force of crysta l l izat ion i tself  consists of two par t s :  the difference in Planek potentials ~ko ~k2 
To T2 

and an enthalpy motive force due to the thermal  disequil ibrium of the a and r - th  phases.  There is no third 
t e r m  in Eq. (14), since velocity equil ibrium is assumed between the r - th  phase and the corresponding a phase. 
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3. C r y s t a l  G r o w t h  R a t e  

Using l inear  Onsager  re la t ions  (taking only the contribution of d i rec t  effects  into account), the mass -  
t r a n s f e r  ra te  is de termined  

Jlff:Lta {[ Tight ~th~ @ il [ 1 
T~ [ Te 

1 ( v ~ - -  vt) 2 ]/  
T, ] - - [  2T~ ]J 

and also the rate  of c rys ta l l iza t ion  i t se l f  

p % = L ~ { [  ~thGT~ 
]+i2[  1 

T2 T~ 
1 ]1 

The chemical  potentials  gki are  wri t ten in the fo rm 

~hz = RT~ lny~ q- RTi /lnck~ (T2) + chz--ch~(T~) 
t c k ~ ( G )  " 

+ . . .  }, (15) 

where LI~ and Lo- 2 a re  kinetic coefficients;  Yi is the act ivi ty coefficient  of the component in the i - th  phase; 
the subscr ipt  s cor responds  to the state of sa tura t ion at t empera tu re  T 2. 

Taking Eq. (15) into account, and omitting t e r m s  of second o rd e r  of smal lness  and above (since the devia-  
tions f rom equi l ibr ium a re  sufficiently small), the re la t ions for  the ra tes  of mass t r a n s f e r  and phase t ransi t ion 
a re  wri t ten in the fo rm 

dia= Lio R {[ct--c~] @ iics [ 1 

j . , = L ~  i R { [ c . - - c d +  i,c~ [ 1 
c~ R Tt 

p%=L(~2 RG {c~ c~;=G [ 1 - - - -  

0 - -  p f i  - L2~ - - - -  

1 ] Cs (v2 -- vl) 2 } (16) 
Ti R 2 Ti ' 

~ (v~ -  v,)2 / (17) 
T~ 

R {~? - co}. 
Cs 

1 1 ) ]  
T~ TG ' (18) 

(19) 

Tempera tu re  disequi l ibr ium of the phases  actually leads to change in the saturat ion concentration. 

The kinetic coefficients Llcr and L~2 will now be determined.  At the c rys ta l  surface,  there  are  adsorbed 
par t ic les .  Because of par t ic le  exchange between the step and adsorbed layer  at the surface,  par t ic les  are  added 
to the c rys t a l  a t  f i ssures ,  and a value of the adsorbed-par t ic le  chemical  potential  close to #2 is establ ished 
around the steps [2, 3]. The adsorbed par t i c les  undergo the rma l  oscillations in three  direct ions:  one perpendi-  
cular  to the c rys ta l  sur face  and two para l l e l  to it. Fluctuations of the f i rs t  oscil lat ions lead to breakaway of 
par t i c les  f rom the c rys t a l  surface  and then to t r ans i t ion in to the  c a r r i e r  phase; oscil lat ions of the second type 
ensure  diffusional migrat ion of the par t i c les  along the c rys ta l  surface  to the steps [2, 3]. Suppose that displace-  
ment of the e lementa ry  steps occurs  on account of plane diffusion in one direct ion x. The flux of mater ia l  to 

the steps may be wri t ten as D&---dgdz where dz is the step height and dx =dy is assumed. The total  flux of 
dx 

mater ia l  to the steps at the c rys ta l  is obtained by summation 

N dc dc 
~ ,  D dSs~ N DS s _ _ ,  
i=i d x  dx 

where N is the number  of f i s sures  over  the ent i re  surface  of the crystal .  On the other  hand, this flux is also 
known to be 

OS s de L~ R (% - -  c*), (20) 
dx " c s 

while D ~d2u exp (Ua/RT2). 

Integrating Eq. (20) f rom 0 to d, the coefficient Lcr2 is determined 
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Lo~ = DSsG/ (dR) .  

Hence, the c rys ta l  growth rate due to crysta l l iza t ion i tse l f  may be writ ten as 

o r  

D 
p% = s s (c~-  cy) 

d 

pos __ e exp [-- U J R T 2 ]  S s [co - -  G*], e = yd. 

The kinetic coefficient Lie is writ ten in the fo rm 

C s 
L,o=F~,, ~ S s. 

(21) 

4. V e r i f y i n g  t h e  C o r r e c t n e s s  o f  t h e  R e l a t i o n s  O b t a i n e d  

To confirm the resul ts  obtained, experiments  on the growth and solution of crys ta ls  being deposited in 
a ver t ica l  tube cell were performed,  using two systems.  A solution and crys ta ls  of alumoammonium alum were 
the f i rs t  sys tem "chosen. The sys t em of equations descr ib ing the motion and growth of the crys ta ls ,  together  
with heat-  and m a s s - t r a n s f e r  phenomena - a consequence of the sys t em in Eqs. (1)-{10), (16), (17), and (21) - 
was solved for  two values of the tempera ture  (variant h T1 =293~K, cl =I26 kg/m3; var iant  II: T 1 =295~ c 1 = 
126 kg /m 3) at different initial values of the c rys ta l  mass  (0.5-1.2 mg). The kinetic coefficient g and the 
pa rame te r  U a in Eq. (21) were the unknowns. They were determined f rom a compar ison of experimental  and 
calculated data on the precipi tat ion rate, by the method of scanning over  a sufficiently broad range of values. 
For  all the variants ,  the values obtained were the same (s =43.8 c m / s e c ;  Ua =13,250 J /mo le ;  relative e r r o r  
8%). The reason for these identical values is that the pa rame te r s  ~ and U a are  independent of the c rys ta l  mass.  
The coefficient ~ ~pd, where d~10 -8 cm and vE[107-10 i3 see-i] ,  is equal to 43.8 c m / s e e  in the present  case, 
i.e., lies in the given range. In the calculations for all the experiments  it was found that: 1) the crysta l l izat ion 
conditions are  almost  quasisteady; 2) the tempera ture  at the c rys ta l  surface is higher than the tempera ture  of 
the c rys ta l  i tself  by 0.005; 3) the t empera tu re  at the c rys ta l  surface is higher than the t empera tu re  of the solu- 
tion by (0.06-0.1). 

A solution and crysta ls  of oxalic acid were chosen as the second system. Exper iments  were per formed 
at t empera tures  in the range 303-323~K, at concentrat ions of 13-21%, and with different c rys ta l  masses  (0.2-7 
mg), with the a im of investigating the solution of oxalic-acid crys ta ls  in a cell-tube. The sys t em of equations 
describing the motion and solution of the crystal ,  together  with heat-  and m a s s - t r a n s f e r  phenomena, is analo- 
gous to those for the f i rs t  system. Ear l i e r  [4], the given sys tem was investigated taking the supersa tura t ion 
(c i - c s) as the motive force; solution occur red  in the diffusional region, and the dependence Nu =ARe ~ was 
found for  determining the m a s s - t r a n s f e r  coefficient fl M. In the present  work, Eq. (17) was taken as the motive 
force. The m a s s - t r a n s f e r  coefficient was the unknown parameter .  As a resul t  of calculations for  the sys tem 
with crys ta ls  of different dimensions in different conditions, taking the relat ion for  the motive force in Eq. (17) 
into account, the dependence Nu= ARe 0"52 was confirmed; the e r r o r  in determining the rate of solution of the 
crys ta ls  according to the relat ion obtained was 7% lower than that determined in [4]. 

The contribution of the effects of the t e rms  appearing in the dependence for the motive force of mass 
t r ans fe r  in Eqs. (16) and (17) will now be estimated.  If the contribution of the effect of the f i rs t  t e r m  c 1 - ccr is 
taken as 100%, then for the crysta l l izat ion of a lumoammonium alum the effect of the second t e r m  in Eq. (16) 
(ilCs/R) (1/T i - 1/Tcr) is 3-30%; in the solution of oxalic acid crysta ls ,  the effect of the second t e r m  in Eq. (17) 
is f rom 0.1 to 4% and the effect of the third t e r m  in Eq. (17) is 10-4%. The contribution of the effect of the 
second t e r m  in the relat ion for  the motive force of crysta l l izat ion i tself  is 0.1-5% of the f i r s t  t e r m  in Eq. (18). 

Since the contribution of the enthalpic motive force is very  significant, it might be expected that, in the 
case where the relat ions obtained were incorrect ,  the values of e and U a would be different for  the growth of 
crys ta ls  of a lumoammonium alum of different mass,  and the t empera tu re  dependence of fl M in the solution of 
oxalic acid c rys ta ls  would be s t ronger  than the temPerature  dependence of the diffusion coefficient. 

N O T A T I O N  

r, c rys ta l  volume; Vcr, volume of (r phase; f(r)dr, number of crys ta ls  of dimension in the range (r - dr, r +  
dr); p~, p0, pC, true density of c a r r i e r  phase, crystal ,  r phase, respect ively;  ~, rate of change of c rys ta l  volume 
due to crysta l l izat ion itself;  ~, rate of change in c rys ta l  volume due to solution itself; ~? =~ - 4, rate of change in 
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c r y s t a l  volume;  J la f ( r )dr ,  in tens i ty  of m a s s  t r a n s f e r  f r o m  c a r r i e r  phase  to ~ phase in unit volume p e r  anit 
t ime;  J/~tf(r)dr, in tensi ty  of m a s s  t r a n s f e r  f r o m  ~ phase  into c a r r i e r  phase;  Pt, mean densi ty  of c a r r i e r  phase,  

Pt = P ~ I ;  a i, volume content of  c a r r i e r  phase,  at+f(r + Y a)[ ( r )dr=l ;R ,  volume of l a rges t  c rys ta l ;  Cki , concen t ra -  
0 

tion (mass fraction) of component in i - th  phase;  vt, v2(r), ve loci ty  of c a r r i e r  phase  and par t i c le  of d imension 
(volume) r;  P, p r e s s u r e ;  fl2, force  of in te rac t ion  between c a r r i e r  phase  and par t i c le  of d imens ion  r, r e f e r r e d  
to pa r t i c l e  mass ;  ui, speci f ic  energy  of i - th  phase  Fi, mass  force  acting on i - th  phase;  E, su r f ace - t en s io n  coef-  
ficient; qkr, heat  flux f r o m  the i - th  phase  to the ~ phase;  ii, enthalpy of the i - th  phase;  Ti, t e m p e r a t u r e  of the 
i - th  phase;  #ki, chemica l  potent ia l  of the component in the i - th  phase;  ~7ql, heat  flux due to heat  conduction in 
the f i r s t  phase;  Qi, ex te rna l  heat  flux in the i - th  phase;  S, si, speci f ic  en t ropy of the whole mixture  and the i - th  
phase,  respec t ive ly ;  J, flux of t he rmodynamic  fo rces ;  X, t he rmodynamic  force;  R, un ive r sa l  gas constant;  ~, 
act ivi ty  coefficient;  D, diffusion coefficient,  LIa  , Lot , L2cr, Lo2, kinetic Coefficients; SS, su r face  of the c rys ta l ;  
d, step height; u, osci l la t ion f requency of a tom; Ua, ac t ivat ion energy  of t r ans i t ion  between two neigh, boring 
equ i l ib r ium posi t ions  of  the molecule  at  the sur face ;  fi M, m a s s - t r a n s f e r  coeff icient ;  Cs, equil ibrium concen-  
t ra t ion  at t e m p e r a t u r e  T2; a, cha r ac t e r i s t i c  radius of par t ic le ;  Nu = (/3 m2a)/D;  Re= (p%~2a)/~ ; # ~, v i scos i ty  coef -  
f icient of the solution; A, constant.  Subscr ip ts :  1, c a r r i e r  phase;  2, d i spe r se  phase;  ~, a phase;  k, component;  
p, solvent;  s, s ta te  of sa tura t ion;  S, sur face .  

2. 
3. 
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E L E M E N T A R Y  K I N E T I C  T H E O R Y  O F  D I F F U S I O N  I N  G A S E S  

N. D. K o s o v  UDC 533.15 

The r e su l t s  of r e s e a r c h  on the descr ip t ion  of diffusion using the e l e m e n t a r y  kinetic theory  a re  
genera l ized.  It is  shown that  for  thermodif fus ion  and barodiffusion,  this theory,  b r i n i n g  to 
light the phys ica l  e s s ence  of the phenomenon, leads to the same  bas ic  d i f ferent ia l  equations as 
the r igorous  theory .  

Introduction. The e l e m e n t a r y  kinetic theory  f i r s t  pe rmi t t ed  exp re s s ing  the t r a n s p o r t  coefficients  (dif- 
fusion, v i scos i ty ,  and t h e r m a l  conductivity) in t e r m s  of the mo lecu l a r  c h a r a c t e r i s t i c s  of the gas.  But, a l r eady  
with the desc r ip t ion  of the diffusion of a mixture  of two gases ,  this  theory  encountered a number  of difficult ies.  
Bol tzmann [1] obtained equations for  the coeff icients  of diffusion of the sepa ra t e  components  of b inary  mixtures ,  
f r o m  which it  followed that  under  i s o b a r i c - i s o t h e r m i c  conditions each component has i ts  own coefficient  of d i f -  
fusion, which leads to different  flows of molecules  in opposite direct ions.  This  should not occur  with diffusion 
of gases  in closed volumes  (for example ,  in a pipe or  in two volumes  connected by capi l lar ies) .  In this  connec-  
tion, Bol tzmann a s s um ed  that  the equations he obtained were  not co r rec t .  Mayer  [2] e l iminated the contradict ion 
by dec rea s ing  the flux of one type of molecule  and inc reas ing  th e flux of the other  by an amount  so that  the two 
fluxes would equalize.  The equations obtained by Mayer  resul ted  in equal  diffusion coeff icients  for  components  
in a b inary  mixture ,  which is  conf i rmed exper imenta l ly .  Howe~er,  Maye r ' s  equation gave a s t rong  concentra t ion 
dependence of this coefficient,  l a t e r  called the coefficient  of mutual  diffusion, which is not observed  expe r i -  
mental ly.  The s t rong  concentra t ion dependence of M a y e r ' s  diffusion coefficient  was explained by the effect  of 
homogeneous coll isions of molecules .  Maxwell [3], analyzing Loschmidt ,  s exper iments ,  a l r eady  used an equa-  
t ion for  the coefficient  of mutual  diffusion which did not contain a t e r m  that takes  into account the effect  of 
homogeneous coll is ions on the mean f ree  path Iength. In al l  l a t e r  theor ies ,  including a lso  in the r igorous  kinetic 
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